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We perform a semi-empirical separation of the movements of cores and valence electrons in a molecule,
generating coupled equations for the movement of the cores. Far from critical points of the PES, the adi-
abatic correction depends just on the valence wavefunction. Nonadiabatic effects turn dependent on the
valence wavefunctions as well and can be evaluated by replacing the nuclear reduced mass by another
one lying between the nuclear and the atomic reduced masses. A formula for the effective core mass
based on electron atomic populations is introduced. Nonadiabatic corrections to vibrational levels of
LiH are reported.
 2010 Elsevier B.V. Open access under the Elsevier OA license.1. Introduction
The adiabatic approximation is a cornerstone of molecular
physics and chemistry. It states that inside a molecule the fast elec-
trons adapt instantaneously (adiabatically) their movements to the
positions of the slow nuclei. The latter move then in the mean ﬁeld
of the electrons, allowing some sort of separation of movements of
nuclei and electrons. Its practical counterpart is the so-called
Born–Oppenheimer (BO) approximation, derived from original
works of these authors [1,2], in which the nuclei are clamped in
speciﬁc conﬁgurations while the electronic problem is considered,
generating the potential energy surfaces (PES) for nuclear motion.
Much less used but more general is the approach in which the ki-
netic energy of the nuclei is not disregarded, though the molecular
wavefunction is still taken as a single product of a nuclear wave-
function times an electronic function that depend parametrically
on the nuclear positions [3]. A huge amount of calculations over al-
most a century certiﬁes the fundamental importance of this
approximation as well as of further developments based on it. In
cases of electronic degeneracies the approximation fails. At the
same time, it provides the basis for a nonadiabatic coupled-state
formulation of the full molecular problem, the so-called Born [2]
or Born–Huang [4] theory. For a well isolated electronic state,
however, it is common belief that the adiabatic approximation
accounts for all the physics involved as well as gives a complete
picture of the molecular dynamics. Besides the previous references,
the adiabatic approximation and further nonadiabatic approaches
based on it can be accessed from different points of view in [5–13].m).
sevier OA license.Adiabatic energy corrections (frequently referred to as diagonal-
BO-corrections, DBOC) are diagonal in the electronic states and
account for the ﬁniteness of the nuclearmasses. In cases light atoms
are involved, it is recognized that adiabatic (BO plus DBOC) energies
and wavefunctions are no longer accurate enough to account for
sub-microhartree molecular spectroscopy, even when demanding
of an isolated state is satisﬁed. Nonadiabatic corrections, on the
other hand, account for correlation between the movements of
electrons and nuclei. Except in the vicinity of nuclear conﬁgurations
corresponding to strong coupling of two or more electronic states,
the nonadiabatic corrections can be related to the effect of some
electrons following the nuclei in their movement. Adding nonadia-
batic corrections to the adiabatic energies we expect to attain spec-
troscopic accuracy in cases relativistic corrections are negligible.
Computationally however, things are not so straight. In fact, once
one starts from the BO framework, the only formal way to access
nonadiabatic effects in ab initio calculations are through coupling
equations involvingmore than a single electronic state, a procedure
for which no general method is available so far. Attempts to per-
form strictly non-adiabatic treatments for larger than few-electron
diatomic molecules have essentially failed as well [6,14].
Searching for alternative approaches, some authors have intro-
duced empirical formulae and procedures to access nonadiabatic
effects. A fully empirical procedure, which can be traced back to
the work of Essén [15], is based on modifying the nuclear reduced
mass as long as the nuclear motion on the PES is considered. De-
spite the nuclear reduced mass appears naturally in the standard
adiabatic approaches, theoretists frequently resort to atomic (or
adjusted) reduced mass to ﬁx spectroscopic vibrational and, in a
lesser extent, rotational energy levels data [16–22]. This is a quite
simple procedure compared to the more traditional approaches
[23,24] based of effective Hamiltonians. When applied to the exotic
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becomes not simply a correction but fundamental to yield the sin-
gle energy eigenvalue [25]. Wider discussions on this point as well
as extensive revisions of applications are found in Moss [26], Kut-
zelnigg [27] and Alijah et al. [28]. Following a different approach,
Alijah et al. introduced an empirical formula for the nonadiabatic
corrections to vibrational levels [29]. In both cases the empirical
corrections are added to results coming from an one-state adia-
batic approach. It appears that the twomethods treat the same sort
of nonadiabatic effects, those that remain far from crossing or
pseudo-crossing of electronic levels. In fact, the two approaches
generate approximately the same results for the vibrational levels
of H2 and isotopologues [28] and compare well with the exact cal-
culations of Wolniewicz [30].
The ab initio construction of geometry-dependent effective nu-
clear mass has recently been worked out by Pachucki and Komasa
[31]. Previously, within the LCAO formalism, Kutzelnigg [27] (see
also [32]) found, particularly for the ground level of Hþ2 and H2,
the percentage of about 60% of the electron cloud participating on
vibrations and 30% on rotations. It appears that in general systems
inner-shell electrons should participate fully on both vibrations
and rotations. These results seem, in principle, to rule out any pos-
sibility of keeping an adiabatic approximation to the present high
resolution spectroscopic level of accuracy. It is our aim, in the pres-
ent work, to show that an adiabatic-like approach could be kept on
this level once a separation of motions of atomic cores and valence
electrons, instead of nuclei and electrons, is performed and that this
approach could be deﬁnitively in accordancewith the adiabatic pic-
ture of a molecule. The basic hypothesis is that the core electrons,
those that participate in the nuclear motion, still have a kinetic en-
ergy much larger than the nuclei but, in average, their internal mo-
tion contribute an almost constant amount to the mean ﬁeld that
yields the PES, whichmeans no contribution for the atomicmotions
at all. Only the valence electrons, whose orbitals have signiﬁcant
components on different nuclei, are expected to contribute.
This new point of view can account for the above referred proce-
dure of using adjusted reduced masses as well as generate new
interesting insights for further nonadiabatic effects, namely those
involvedwith crossings. Inwhat followswedevelop an approximate
theory based on an empirical Hamiltonian embodying these ideas.2. Theory
The theory is developed for a diatomic molecule AB and
generalizations can be considered as in the standard adiabatic
approaches. The basis for the formal development of the devised
separation is the picture a molecule constituted by atomic cores
(nuclei and core electrons) moving in the ﬁeld of valence electrons.
It seems hopeless that the molecular Hamiltonian could be parti-
tioned accordingly in an exact way. Furthermore, following the
insights from spectroscopy, it is necessary to admit the correspond-
ing number of electrons, nA; nB and nval being neither integers nor
constants. Instead they should vary with the internuclear distance
R and must be interpreted in the same way as fractional electron
populations, subject to the constraints that they sumup to n, the to-
tal number of electrons in the molecule, namely, n ¼ nA þ nB þ nval.
This desirable feature poses, however, huge theoretical difﬁculties,
as the dependence of thewavefunctions on the electron coordinates
are to be kept.We thus derive all equations assuming integer values
of nA; nB and nval and postpone to empirical applications the consid-
eration of variable nuclear masses with R.
For R sufﬁciently large, nval should vanish, nA and nB become the
ﬁxed atomic numbers of electrons and R becomes the interatomic
distance as well. On the other hand, for a given ﬁnite R the nval va-
lence electrons should be identiﬁed as those able to jump from A toB and conversely. So, our proposal is to build up an empirical
molecular Hamiltonian displaying the desired features and, from
this starting point, to go forward in a formal way. To complete
our model, it is fundamental to admit that, despite nA and nB vary
along the molecular vibrations, this variation will happen in a way
that the corresponding variation of the core wavefunctions with R
will be negligible as compared with the variation of the valence
wavefunction. This means that the atomic cores will not change
substantially their characteristics (for example, spherical symme-
try) as they gain or lose electrons. On the contrary, the valence
wavefunction will suffer substantial changes as going from bond-
ing to dissociation. Mathematically, ~rRUAorB  ~rRUval, in a body-
ﬁxed coordinate frame. Being PA and PB projection operators onto
the subspaces of atomic wavefunctions connected to A and B,
respectively, we assume PAUB ¼ PBUA ¼ 0 but PAorBUval–0.
Accordingly, the molecular Hamiltonian in the LAB system is
written (in atomic units, a.u., used throughout except for numeri-
cal results) as,
HLAB ¼  r
2
A
2m0A
 r
2
B
2m0B
þ HA þ HB þ Hval: ð1Þ
HA and HB are atomic core Hamiltonians and Hval is the valence
Hamiltonian. It is to note at principle thatm0A andm
0
B are the masses
of the atomic cores.
Within this empirical model we now move to the MOL frame-
work with origin at the center of mass of the atomic cores, analo-
gous to the center of mass of nuclei framework [33]. This choice
avoids electron–core crossing derivatives and is thus fundamental
to keep the molecular Hamiltonian in the form suggested by (1).
Would the cores be structureless, this transformation would yield
a translation free Hamiltonian in the form
HMOL ¼  r
2
R
2l0AB
þ Hval ¼  r
2
R
2l0AB

Xnval
i;j
~ri  ~rj
2M0

Xnval
i
r2i
2
þ V ; ð2Þ
where l0AB and M
0 are respectively the reduced and total masses of
the cores and V contains all the Coulomb interactions. In the actual
case, we have to add the core electronic Hamiltonians, HA and HB.
The translation free Hamiltonian becomes the sum of the internal ki-
netic energy operator for the cores and an electronicHamiltonianHel,
HMOL  H ¼  r
2
R
2l0AB
þ Hel ¼  r
2
R
2l0AB
þ HAðRÞ þ HBðRÞ þ HvalðRÞ; ð3Þ
where the underline means the standard parametric dependence on
R. It is assumed here that the Coulomb interactions involving elec-
trons of different cores and nuclei are included in Hval, for instance.
A crucial point here is to write the Hamiltonian in the form (3),
which is made difﬁcult by the second term in the rhs of Eq. (2),
involving the total mass of the cores, M0. To access this problem
we take advantage of the long distance behavior of this term, which
should transform as

Xnval
i;j
~ri  ~rj
2M0
)
ðR!1Þ

XnAval
i;j
~ri  ~rj
2mA

XnBval
i;j
~ri  ~rj
2mB
; ð4Þ
where now mA and mB are nuclear masses. We then keep this
approximate form at all distances through the deﬁnition of partial
occupation numbers nAval and nBval representing valence electrons
occupying PAUval or PBUval, respectively. Each of these terms can
merge into the core Hamiltonians HA and HB which are then written
in typical atomic forms [34,35],
HA ¼ 
XnAþnAval
i;j
~ri  ~rj
2mA

XnA
i
r2i
2
þ VA
HB ¼ 
XnBþnBval
i;j
~ri  ~rj
2mB

XnB
i
r2i
2
þ VB;
ð5Þ
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Hval ’ 
Xnval
i
r2i
2
þ Vval; ð6Þ
with VA þ VB þ Vval ¼ V , meaning that the mass polarization terms
are considered only in atomic form. Subject to the constraint
relations
nA þ nB þ nval ¼ n; nAval þ nBval ¼ nval ð7Þ
these equations sets up our electronic Hamiltonian, see Eq. (3).
For the total molecular wavefunction, we consider a Born-type
expansion [2],
Wðr;RÞ ¼
X
l
UA;lðrA;RÞUB;lðrB;RÞUval;lðrA; rB;RÞvlðRÞ
¼
X
l
UA;lUB;lUval;lvl; ð8Þ
in which small r represents electronic coordinates in a generic form
and the vlðRÞ are wavefunctions for core motion (for simplicity the r
and R dependencies are dropped from now on). Its proper symme-
trization is discussed bellow. The basis of the individual UI refer to
the eigenvalue equations,
HAUA;l ¼ A;lUA;l;
HBUB;l ¼ B;lUB;l;
HvalUval;l ¼ val;lUval;l:
ð9Þ
Despite nA; nB; nval (as well as nAval and nBval ) are unknown, the
electronic problem can be put in an independent form as follows.
The total electronic Hamiltonian is written, accordingly to Eq. (3)
as,
Hel ¼ HA þ HB þ Hval ¼ 
XnAþnAval
i;j
~ri  ~rj
2mA

XnBþnBval
i;j
~ri  ~rj
2mB
þ HBO;
ð10Þ
that is, the nuclear mass dependent terms plus a single electronic
BO Hamiltonian deﬁned as
HBO ¼
XnA
i
r2i
2
þ VA 
XnB
i
r2i
2
þVB 
Xnval
i
r2i
2
þVval ¼
Xn
i
r2i
2
þV :
ð11Þ
This Hamiltonian is not dependent of the knowledge of the dif-
ferent atomic and valence electron fractions. In order to get rid of
these unknown fractions also in the mass dependent terms in Eq.
(10), we rewrite Hel as,
Hel ¼ 
X2
A
Xn
i;j
PA
~ri  ~rj
2mA
PA
 !
þ HBO: ð12Þ
This means that the electronic problem,
HelUl ¼ 0lðRÞUl; ð13Þ
can be solved by nearly standard procedures and that Ul contains
automatically the necessary core–valence features. In other words,
we expect any electronic molecular wavefunction to have the form
U ¼ UAUBUval self-contained. Furthermore, it becomes clear that
this factorization of U is just a mathematical artifact to derive the
results and Eq. (13) (instead of Eq. (9)) is the only assumed to be
solved, so that just each total Ul needs to be properly simmetrized
under electron exchange.
Now, taking advantage of the well known expressionr2/v ¼
/r2vþ vr2/þ 2r!/  r!v and recalling that the action of r2R and
r!R on UA and UB are negligible in face of their action on Uval, we
take Eqs. (8) and (9) into the molecular stationary Schrödingerequation with Hamiltonian (3), multiply on the left by /k and inte-
grate over the electronic coordinates, to get

X
l
1
2l0AB
dklðr2R þ 0kÞ þ SAklSBkl Uval;k r2R
 Uval;lD Eh
þ 2 Uval;k r!R
 Uval;lD E  r!Rivl ¼ EX
l
vl; ð14Þ
where SAkl ¼ hUA;kjUA;li; SBkl ¼ hUB;kjUB;li and 0k ¼ ðA þ B þ valÞk.
Finally, we perform the usual separation of the diagonal terms
on the left and the non-diagonal terms on the right. To simplify
further comparison we assume, as usual, the electronic wavefunc-
tion to be real so that the diagonal term Uval;k ~rR
 Uval;lD E vanishes
(this is not a problem far from conical intersections in polyatomic
molecules; see however [36]). We then get to the ﬁnal form of the
coupled set of equations,
 r
2
R
2l0AB
þV 0kðRÞ  E
" #
vk
¼ 1
2l0AB
X
l–k
SAklSBkl Uval;k r2R
 Uval;lD Eþ 2 Uval;k ~rR Uval;lD E  ~rRh ivl:
ð15Þ
The one-sate potential energy for the motion of the atomic
cores is the sum of 0kðRÞ  0k with the present version of DBOC that
we refer to as valence–DBOC, since it is evaluated just with Uval,
that is,
V 0kðRÞ ¼ 0k 
Uval;k r2R
 Uval;kD E
2l0AB
ð16Þ
Eq. (15) is the basic equation for our approach. It is to be com-
pared to the usual set of coupled equations obtained from the stan-
dard BO separation of nuclear and electronic motions, namely
 r
2
R
2lAB
þ VkðRÞ  E
" #
vk
¼
X
l–k
Uk
r2R
2lAB
þ
Xn
i;j
r!i  ~rj
2M

Ul
* +
þ 2 Uk ~rR
 UlD E  ~rR
" #
vl;
ð17Þ
in which the one-state potential is given by VkðRÞ ¼ k
Uk
r2R
2lAB
þPni;j ~ri ~rj2M UkD E. Note that in this case k ¼ BOk does not con-
tain the atomic mass polarization contribution, which appears just
when the DBOC is added to it.
3. Illustrations and calculations
3.1. Adiabatic effects
The atomic-like non-BO term of Eq. (12) is called ﬁnite nuclear
mass correction (FNMC) [37]. An account to the present theory
comes from the comparison between DBOC and FNMC, the last
one coming from solutions of Eq. (13), for a series of molecules
in their equilibrium geometries, that shows these two quantities
having almost the same values far from crossings or pseudo-cross-
ings [38]. Comparing 0k with k and realizing that the two corre-
sponding potentials must not differ substantially, we conclude
that the standard DBOC, namely  Uk r
2
R
2lAB
þPni;j ~ri ~rj2M UkD E, consists
approximately of the valence–DBOC,  hUval;k jr2R jUval;ki2l0
AB
, plus FNMC. In
consequence, far from crossings or pseudo-crossings, where
valence–DBOC has low importance, DBOC becomes dominated by
FNMC. Accordingly, it is shown in Ref. [39] that DBOC is itself
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(to dissociation) adiabatic corrections are well explained just by
FNMC [38]. The fact that most reported FNMC values are a bit lar-
ger than DBOC [38] is explained by the use of all electrons in these
calculations, instead of just core electrons.
The counterpart, that DBOC (valence–DBOC in fact) becomes
important in the evaluation of the PES close to critical points, has
been veriﬁed in a previous study of the H2 þH reaction close to
the transition state [40]. In this work the authors observed that
FNMC alone gives a wrong isotopic trend for the dependence of
the reaction barrier in [37]. Now we can identify that problem with
the absence of the valence–DBOC at the transition point. Note, in
passing, that this is a case in which the core and valence ‘numbers
of electrons’ are lower than unity.3.2. Nonadiabatic effects
Contrarily to the full adiabatic effects, the electronic non-diago-
nal matrix elements of r2R and ~rR should not depend on the core
wavefunctions, so it will be immaterial whether one evaluate them
withUk orUval;k, except for the replacement of lAB with l0AB in core–
valence calculations. Alijah et al. [28] observed that the nonadia-
batic corrections to the vibrational levels of H2 and isotopologues
are independent of adding DBOC to the PES. We repeated their cal-
culations adding both DBOC and FNMC to the PES and reached the
same conclusion. This is a further consequence of the dependence
of DBOC (or FNMC) with the core wavefunctions while the nonadi-
abatic effects depend on the valence wavefunctions.
Since we consider the nonadiabatic effects on vibrational en-
ergy levels not affected by strong electronic couplings, Eq. (15) sug-
gests neglecting its rhs and taking l0AB ¼ l0ABðRÞ. Unfortunately, this
R dependence is not known in general. But it is still interesting to
check how the particular constant values of l0AB that repeat the ex-
act results are related to the nuclear and atomic reduced masses.
We then adjust l0AB to match the values from Ref. [30] as we solve
Eq. (15) (making its rhs to vanish) for vibrational levels of H2. The
percentage of electron mass on the adjusted reduced mass l0AB for
some vibrational states is displayed in Figure 1 (curve a). It is
remarkable that this percentage vary from 80% for the low lying
states to 100% (atomic mass) for the higher states. In fact, atomic
masses (curve c) are more likely to match the correct energy levels
as the atoms perform large vibrations. Kutzelnigg [27] found for
the ground state that electrons participate roughly 60% in vibra-
tions. The present results are a little different but have the same
meaning.
In order to have a full general procedure to calculate nonadia-
batic effects on vibrational levels we need a recipe to evaluate
the effective core masses, meaning the masses of the nuclei plusFigure 1. Percentages of electron mass on nuclei of H2 for (a) adjusted (exact), (b)
Eq. (18) and (c) atomic masses.the electrons attached to them. There is no unique exact way to
evaluate the ‘quantity of electrons’ in the atomic cores for a given
R. We choose the Mulliken diagonal overlap population [41] on
each atom, nAAðRÞ, for our applications. Instead of considering
explicitly the R-dependence of the nuclear masses, we deﬁne the
average effective mass of a nucleus A as [42] (v  k for J ¼ 0)
meffA;m ¼ mA þ
Z
nAAðRÞv2mðRÞdR; ð18Þ
for each vibrational state in a given PES. Since it depends on the
vibrational wavefunction its calculation is made self-consistently
in an iterative solution of the nuclear equation, starting with the
bare nuclei masses. This process converges with a single iteraction
in general. The resulting electron percentages, also in Figure 1
(curve b), compares well with the adjusted ones.
Once we have the vibrational energies, the nonadiabatic energy
contributions DEk are deﬁned as their differences from those ob-
tained with the nuclear reduced masses. Figure 2 displays the re-
sults for H2 compared to the exact ones and to those obtained
with atomic reduced mass. Also in the ﬁgure are the results ob-
tained with the empirical formula introduced by Alijah and Hinze
[29], namely
DEm ¼ c nl
dVm
dR
ðR ReqÞ
 
vm
; ð19Þ
in which Req is the equilibrium distance and c is an adjustable
parameter that amounts 0.112 a.u. for H2 and isotopologues. In or-
der not to superimpose effects l must be the nuclear reduced mass
in this formula. The average integral is performed over the nuclear
wavefunction, as represented by the sub-index. We note that the
curves based on atomic masses and on Eq. (19) have their minima
shifted to the left, while the present procedure agrees better with
the exact calculations. It clearly improves quantitatively the correc-
tions as compared to those obtained with just the atomic masses,
with no adjustable parameters as that appearing in Eq. (19). The
percentage of electronic mass is around 65% for m ¼ 0; 1; 2. Accord-
ingly to the behavior of the adjusted masses shown in curve a of Fig-
ure 1, the atomic mass is more accurate for the m ¼ 0 state (error of
17% in DE) than ours (error of 25%). A possible explanation is that
for smaller vibrational amplitudes the inﬂuence of the repulsive
part of the PES, where each atom keeps its own electron cloud, is
larger. Already for m ¼ 1; 2, however, the present approach get bet-
ter results. An inspection of Figure 1 also suggests that a better
choice of the electron populations on the nuclei could improve even
more the calculations.
The following application to LiH has two aims. First we want to
test the above predictions by comparing full electron and standard
frozen core calculations. Both calculations are made on the MP2Figure 2. Nonadiabatic correction versus vibrational number for H2. Exact results
from [30].
Figure 3. Nonadiabatic corrections versus vibrational number for LiH.
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We test the difference of the electronic wavefunctions by obtaining
a larger (by 0.5%) dipole moment for the frozen-core case. Figure 2
shows, however, particularly for the atomic mass case, that the
nonadiabatic corrections are about the same for frozen-core and
full electron calculations. This feature keeps for any other choice
conﬁrming prediction of Eq. (15) that the nonadiabatic corrections
are quite independent on the core electrons.
Our second aim is to report reliable nonadiabatic corrections for
some low-lying vibrational levels of LiH. Contrarily to the H2 case,
we expect here that the present approach improves the atomic
mass calculations for all levels. In fact, since part of the electron
cloud shifts toward the H atom, using atomic masses would be im-
proper. Of course an alternative would be using the ionic masses of
Liþ and H but our approach based on Eq. (18) is intermediate and
certainly better. The results appear in Figure 3, showing a system-
atic increase (in modulus) of the nonadiabatic corrections com-
pared to the atomic mass ones.
4. Final remarks
Starting with an empirical form for the molecular Hamiltonian,
we presented an approximated theory for the decoupling of mo-
tions of atomic cores and valence electrons. Besides being compat-
ible with the basic concepts of molecular structure, it gives an
account for the empirical procedure of adjusting the reduced mass
in the adiabatic equation. Both for adiabatic and nonadiabatic cor-
rections we shown that only the valence wavefunction is needed.
Identifying the adiabatic correction as being mainly the electron
reduced mass corrections inside the atoms and the additional core
mass on the nuclei due to core electrons as the physical source of
nonadiabatic corrections far from crossing or pseudo-crossing
points, a great economy of calculations follows in consequence.
The small dependence of the valence corrections from the elec-
tronic approximation and the relative freedom in the choice of the
valence wavefunction make the approach applicable to any poly-
atomic molecule. On the other hand, it is to note that the eigen-
functions of Hel (see Eq. (13)) carry already the signature of the
nuclear masses. In isotopically asymmetric molecules some conse-
quences have already been explored [45,12] in accordance with
experiments [46]. This means that, in analogy with energy calcula-
tions, other molecular properties will also be affected even when
the explicit coupling terms are disregarded in Eq. (15). A point that
remains to be explored is what will be the consequences of the
present core–valence separation in the explicit evaluation of cou-
pling terms near critical points [47].A full account to rotations is still missing, on the other hand,
mainly by considering that the appropriated reduced mass is close
to the nuclear reduced mass in this case. Further potential applica-
tions of the concepts and methods discussed here and in the liter-
ature concern the ﬁeld of positronic atoms and molecules, if the
positron is considered as a light nucleus. In fact, in such an approx-
imation, the single ‘vibrational’ state of di-positronium ðPs2Þ could
only be obtained by the replacement of the nuclear reduced mass
by its ‘atomic’ counterpart [25].
Recent tentative of displaying molecular structure or properties
based on it from exact calculations [48] has been subject of strong
criticism [49]. The adiabatic approximation still seems to be the
safe way to go forward in accurate calculations without challeng-
ing the fundamental concept of molecular structure.
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